Mathematical Olympiad Training
Polynomials

Definition
A polynomial over a ring R(Z, Q, R, C) in x is an expression of the form
p(r) = apz™ + 12" P+ a4 ag, a; € R, for 0 <i<n.

If a, # 0, then n = deg p(z) is called the degree of p(x). A non-zero element r € R is
a polynomial of degree 0. The zero 0 € R is a polynomial and its degree is negative
infinity or undefined. The set of all polynomials over R in x is denoted by R[z]. O

For any f(x),g(z) € R[z].
1. deg(f(x) + g()) < max{deg f(z),deg g(z)}

2. deg f(z)g(x) = deg f(x) 4 deg g(x)
Many properties of integers have analogues for polynomials.

Properties

1. Sum, difference and product of polynomials are polynomials.

2. Let f(x),g(z) € R[z|, we say that f(z) divides g(x) if there exists non-zero
q(x) € Rlz] such that g(z) = f(z)q(x). If f(x) divids g(x), we say that f(z)

is a divisor of g(x) and write f(z)|g(x).

3. Let f(z),g(x) € R[z], then there exists ¢(z),r(x) € R[x] such that f(x) =
q(z)g(x) + r(z) and degr(z) < degg(z). (We say that R[z] is a Euclidean

domain.)



4. A polynomial p(z) is said to be irreducible if it cannot be factorized into
product of polynomials of positive degree. It is said to be reducible if it is not

irreducible.

5. A polynomial p(x) is called a prime polynomial if p(z)| f(x)g(z) implies p(z)|f ()
or p(x)|g(x). It is easy to see that a prime polynomial is irreducible and the

converse is true, but less obvious, only when R is a UFD.

6. Fix f(z),g(x) € R[z], the following statements for d(z) € R[z]| are equivalent.

() For any non-zero p(z) € Rlz], p(x)|f(z) and p(z)lg(z) imply p(z)ld(z)

(b) d(z) is a polynomial of maximal degree satisfying the properties that
d(x)|f(x) and d(x)|g(x).

(c) d(z) is a non-zero polynomial of minimal degree such that there exists

a(x),b(r) € Rlz] with d(z) = p(x) f(x) + q(x)g(x).

If d(x) satisfies one, hence all, of the above properties, we say that d(z)
is a greatest common divisor (GCD) of f(z) and g(x) and write d(z) =
(f(x),g9(z)). GCD always exists and is unique up to a unit (an invertible

element in R) for every non-zero polynomials f(x) and g(x).

7. Any non-zero p(z) € R[z] can be factorized uniquely (up to unit and permu-
tation) into product of irreducible polynomials. (We say that R|x] is a unique
factorization domain (UFD). To be more precise, R[z] is a UFD if R is a UFD

and it is well known that Z, Q, R, C are all UFD.)



Theorem (Remainder Theorem)
When p(z) € R[z] is divided by x — a, the remainder is p(a). In particular x — a

divides p(x) if and only if p(a) = 0. O

The notion of reducibility of polynomial depends on the ring of coefficients R.
For example, 22 — 2 is irreducible over Z but is reducible over R and z? + 1 is
irreducible over R but is reducible over C.

Proposition

1. (Gauss Lemma) If a polynomial f(x) € Z|[x] is reducible over Q, i.e. there
exists p(z),q(z) € Q[z] of positive degree such that f(x) = p(x)q(z), then

f(z) is reducible over Z.

2. (Eisenstein Criterion) Let f(z) = a,z" +a, 12" '+ -+ a1x+ay € Z and
p be a prime number. Suppose
(a) ptan
(b) plag for 0 <k <n-—1
(c) p*1ao
Then f(x) is irreducible over Q. d

The most important theorem about polynomials is the following.
Theorem (Fundamental Theorem of Algebra)

A polynomial of degree n over C has n zeros on C counting multiplicity. O



Another way of stating Fundamental Theorem of Algebra is every complex poly-
nomial p(z) € C[z] of degree n can be factorized into product of linear polynomials,
i.e. there exists a,aq, g, -+ ,ap, € Csuch that p(x) = a(x —a1)(z—ag) - -+ (z— ).

Corollary

1. If a polynomial of degree not greater than n has n + 1 distinct zeros, then it

is the zero polynomial.

2. Two polynomials of degree not greater than n are equal if they have the same

value at n + 1 distinct numbers. O

For polynomials with real coefficients p(z) € R|x], we have

Propositions

1. Let p(z) € R[z] and a € C. If p(a) = 0, then p(@) = 0, where & denotes the

complex conjugate of a.

2. Any p(z) € R[z| can be factorized into product of quadratic and linear poly-

nomials over R. O

A polynomial p(z) € R[z] can also be considered as a function p : R — R. One can

always find a unique polynomial of degree n with n 4+ 1 prescribed values.

Lagrange Interpolation Formula

Given any distinct xg,z1, -+ ,2x, € R and any yo,y1, - ,¥n € R. There exists



unique polynomial p(x) € R[x] of degree n such that p(z;) = y; foralli =0,1,---

In fact we have

n

p(w)zz (z —mo)(x — 1) (=) - (2 — )y

5 (s — wo) (@i — 1) - (@ — ) - (= )

—

where the notation (z — x;) means that (z — x;) is absent.

Another way of writing the interpolation formula is

y " - 2?2 w1
Yo " o0 xe? wp 1
2
o o it ox 1=
Yn mnn e xnz Tp 1

Proposition

, M.

A rational polynomial p(z) € Q[x] takes integer values on all integers if and only if

p)=ao3) +or(]) ras() 4+ (%)

for some ag, ay, aq, - - -

Symmetric Polynomials

1. If a polynomial p(z1,xs,- - ,x,) in n variables satisfies
p(xlu"' y Ly 3 Lgye o axn) :p(l‘h"' y Ly 3 Ly 7xn)
for any i # j, then p(x1,z9, -+ ,x,) is called a symmetric polynomial.

2. The elementary symmetric polynomials of degree k, £k = 0,1,2,---

variables x1, xs,- -+ , T, is defined by

O-k(xth)." 7xn): Z

1<i1 <ig < <ip<n

Li Lo =t J/’Z’k.

5

,a, € 7, where (i) = w(zfl)(“z?"'(“kﬂ), k # 0 and (’5) =1.

,n, in n



For example 0g = 1,01 =21+ 29+ -+, 00 = T1To + 1123+ -+ Tpy_1Tp,

Ty Op = T2 7 - T

3. The k-th power sum, k£ > 0, of n variables z1, x5, -+ , x, is defined by

k k k k
Sk(x1, 2, -+ ) = E T, =21 +T AT,

1<i<n

Fundamental Theorem of Symmetric Polynomials

Any symmetric polynomial can be expressed as a polynomial in elementary sym-
metric polynomials in (or power sum of) those variables.

Newton-Girard Formulae

Let Sy be the k-th power sum and o be the elementary symmetric polynomials of

degree k in xq,x9, -+ ,x,. Then for any positive integer m,

3

(—=1)*01Sp_i + (=1)™ma,, = 0.
0

b
Il

Here 0y = 1, 0, = 0 when k£ > n.
Example:

For m =1,2,3,--- ,n, we have

51—0'1:0
52—0151+202:0

53 — 0'152 + 0'251 - 303 =0

Sp— 0181+ +(=1)"1o, 15 + (=1)"ne, =0



For m > n, we have
Sm - UISm—l + U2Sm—2 +--+ (_1)n0n5m—n =0

Vieta’s Formulae
Let p(z) = apx™ + ap_12" ' + -+ + ayz + ag € C be a polynomial over C of degree
n and aq,ag, -+, ay be the roots of p(x) = 0. Let o4 be the elementary symmetric

polynomials of degree k in ay,as, -, a,. Then we have
o
kUn—k
o = (—1)F —.
Qn
Application to recurrence sequences

Combining Vieta’s formula with Newton-Girard formula, we get an obvious relation
Sy, + Wp—1Sm—1 + Ap—2Sm—2 + -+ agSym—n = 0.
This means that the sequence Sy, S, Ss, - - - satisfies the recurrence relation
A Skin + 0n_1Skin-1 + @n—2Skin_o+ -+ apS, =0, for k> 0.

More generally, fix any Aq, Ag,---, A, € C, let

T = Al&lk + Ag&zk —+ 4 Anank. (*)
Then xg, x1, x2, - - - satisfies the recurrence relation
AnThgn + Qp1Tpyn—1 + An_2Tpin—2 + -+ + agzy = 0, for & > 0. (*x)

Equation p(z) = a,x" + Q12" 4+ +ag = 0 is called the characteristic equation.

By solving it, we can find the general solution () of the recurrence relation (x:x).
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Example: Fibonacci sequence

The Fibonacci sequence 0,1, 1,2,3,5,8,13, - - - is defined by the recurrence equation

F,=F,_ +Fk,2, for k > 1
Fo=0, Fy =1

The characteristic equation is 22 — z — 1 = 0 and its roots are %5 Solving

A1+A2:F0:O
A1C¥1+A2C(2:F1 =1

Y

—

we have A = \/Lg, Ay = —\/ig and

1 1
Fk = —Oélk——Oégk

V5

(5

11+\/5k1
_E<2)+§

5-
ot ot

where the notation [z] means the largest integer not greater than x.

Example 1

Find all rational polynomials p(z) = 2 + az? + bx + ¢ such that a, b, ¢ are roots of
the equation p(z) = 0.

Solution

By Vieta’s formula
a+b+c=—a
ab+bc+ca =10

abc = —c

From the third equation (ab+ a)c = 0. Thus ab = —1 or ¢ = 0.

If ¢ =0, then a + b= —a and ab = b. Hence (a,b,c) = (0,0,0) or (1,—2,0).
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If ab= —1, then ¢ = —2a — b and

—14+b(—2a—b)+(—2a—bja = b
20> —2+b+0 = 0
2a* —2a2 + a*b+ a*? = 0

2t —2a®* —a+1 = 0

Since a is rational, the only solution is @ = 1 and (a,b,c) = (1, -1, —1).

Hence the solution of the problem is (a,b,c¢) = (0,0,0), (1,-2,0) or (1,—1,—1).
Example 2

Given that p(x) is a polynomial of degree n such that p(k) = 2% for k = 0,1,2,-- - n.
Find p(n +1).

Solution

Take

@ = (") () (D) -+ (7
P =) " \1) T2 n)’
then p(x) satisfies the condition of the problem and
(1) = n+1 n n+1 n n+1 T n+1
b — Lo 1 2 n
n+1 n+1 n+1 n+1 n+1
= + + ot + —1
0 1 2 n n+1
— 2n+1_1
Example 3
r+y+z=1

Given that ¢ 22 +y>+ 22 =3 . Find the value of 2% + ¢® + 2°.
2P+l =7



Solution

Let Sy and oy, be the k-th power sum and symmetric sum of z, y, z. Then by Newton

formula
51—0'1:0 0'1:1
Sy — 01571 + 209 =0 =< 09 =—1
53—0152+0231—303:O 0’3:1

Thus z, ¥, z are roots of the equation t3 —t?>—t—1 = 0 and S}, satisfies the recurrence
relation Sy 3 = Sgio + Sky1 + Sk, £ > 0. Therefore S, = 1+ 3+ 7 = 11 and

S5 =347+ 11 =21.

Example 4
: 2 2 _ . x 2001 Y2001
If x,y are non-zero numbers with z* + zy + y* = 0. Find (:v_+y> + (I—er) .
Solution
Observe that #- + 2 =1and ;3. % = 8y = % = 1. We know that -,

S are roots of t?—t+1=0. Thus S}, = (ﬁy)k + (#y)k satisfies the recurrence

relation

Skt+2 = Sk41 — Sk, k>0
50:2,51:1

Then the sequence {Sx}, &k > 0, is 2,1,—1,—-2,-1,1,2,1,--- and Sy = S, if k =
[(mod6). Therefore Sypp; = S35 = —2.

Example 5 (IMO 1999)

Let n > 2 be a fixed integer. Find the least constant C' such that the inequality

Z vizj(z? +2;%) < C ( Z l"z)

1<i<j<n 1<i<n

holds for any w1, x9, 3, -+ ,x, > 0. For this constant C', characterize the instances

of equality.
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Solution
Since the inequality is homogeneous, we may assume that S; = o7 = 1. By Newton

formula, Sy — 0153 + 0955 — 0351 + 404 = 0. Then

Z JZin(ZEi2+£Ej2) = Z (ZL‘igZZL‘j)

1<i<j<n 1<i<n jF#i
§ ' 3
1<i<n
= 53— 5

= 0'252 — 0'351 + 40’4

= 09(1 —20y) + 40y — 0307

ool =

The last inequality holds since

1 1 , 1
§(Uz+(——02)) =3

1
0'2(1—20'2) :20'2(5 —0'2) S 5 3

by AM-GM inequality and

Q) (5) (B) = Oz

by symmetric mean inequality and the equality holds if and only if oo =

1
1 and

o3 = 04 = 0. Therefore the least value of C' is % and the equality holds for the
original inequality if and only if two z; are equal and the rest are zero.

Example 6 (IMO 2006)

Let P(x) be a polynomial of degree n > 1 with integer coefficients and let k be

a positive integer. Consider the polynomial Q(x) = P(P(... P(P(x))...)), where
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P occurs k times. Prove that there are at most n integers ¢ such that Q(t) = t.
Solution (by Tsoi Yun Pui)

Denote P(P(---P(x))--+) by Qx(z). If there is at most one integer t satisfying
—_————

k
Qr(t) = t, then we are done. Otherwise, let s,¢ be integers such that Qx(s) =

s, Qk(t) =t. As P(x) is a polynomial with integral coefficients, u — v | P(u) — P(v)
for any integers u,v. So
s =t P(s) = P(t) | Qa(s) = Qa(t) | -+ [Qr(s) — Qn(t) = s — 1,

and hence both s —t| P(s) — P(t) and P(s) — P(t)|s —t. This implies that

P(s)—P(t)=s—t or P(s)—P(t)=t—s.
le.

P(s)—s=P(t)—t or P(s)+s=DP(t)+t (%)

It is impossible to have P(s) — P(t) = s —t and P(u) — P(t) = t — u for distinct
integral roots s, u,t of the equation Qy(x) = x. Otherwise
P(s)— Plu)=s—t—(t—u)=s+u—2t.

But P(s) — P(u) = s —u or u — s. In either cases, it yields s = t or u = t.
Contradiction. So only one equation in (x) is true for all the integer roots of Qy(x) =
x.

In either cases, let us fix t. Then all integral roots of Qx(z) = = are also, at the
same times, roots of the equation P(x) —x = 0 or P(z)+x = 0. Note that P(z) —x
and P(x) + x are polynomials of degree n. So there is at most n such roots. Hence

there are at most n integers ¢ such that Q(t) = t.

12



